explains the physical meaning of increasing plasticity in multistage hot forging by the fact that low strain in each forging stage allows the forming of metal with fewer obstacles to dislocation movement. Increasing the number of pauses promotes a more extensive relaxation of the forged metal. He also marked that reducing the strain rate and increasing the number of forging stages (decreasing deformation for one stage) promotes diffusion processes and plasticity recovery.
Dzugutov established experimentally that during forging of hydraulic press billets from pearlitic structural alloyed steel, a value of 30-60% of relative strain on one stage of multistage forging can be achieved. During forging of high alloyed steels with low plasticity, an acceptable value of relative of strain on one stage of forging would be 6-10%. Dzugutov (1977) marked that for alloy ZhS6KP only multistage forging with a onestage relative strain of 2-4% and frequent heating allowed the achievement of positive results and acceptable values of limiting strain. It was proposed to determine the value of relative strain on one stage of forging experimentally. Legrand (1956) shows that using of multistage forging for alloys EI319 and EI437 resulted in significantly increasing plasticity. By Legrand's data the multistage hot forging of materials can increase plasticity by 2-2.5 times. Dzugutov (1977) refers to Pavlov's data and marked that during one stage upsetting (monotonic) of a billet of heat-resistant material the fracture became 20% of the relative height strain and during multistage upsetting of 12 stages the total relative height strain can be increased to 70%.
Efimov established that during pauses in multistage forging the dislocation density in the forged billet decreases (Fig. 1 ). This regularity is the physical basis of increased plasticity and stress relaxation of the metal.
One of the types of multistage forging is vibration forging (upsetting) (Lin and Chen 2006) . This type of forging allows increased uniformity of strain distribution in the billet and metal plasticity. Another type of multistage forging is deformation on rotary forging machines.
Based on the above, multistage forging shows promise for expanding hot forging to different steels and alloys. However, the absence of analytical description of these processes reduces their efficiency. 
Phenomenological analytical approach
The aim of this work is the development of an analytical method for the calculation of metal plasticity during isothermal multistage forging.
According to the data from Reference Mykhalevych (1998) the more intensive plasticity recovery occurs at the beginning of the pause. It was shown in Mykhalevych (1998) that further increases in pause duration leads to minor increases in plasticity recovery (Fig. 2) .
Curves of recovery plasticity can be described by the next equation:
where К-coefficient which shows the maximum recovery of plasticity; t-pause duration, sec; n-coefficient which shows velocity of plasticity recovery.
Results of Eq.
(1) match with those of the more complex equation (Mykhalevych 1998 ) when the pauses are small:
where s-material coefficient; Δ p -relative duration of pause; ψ 1 -used plasticity before pause.
Equation (2) has a major fault with long pauses. This equation was obtained based on the hypothesis of full reversibility in the process of metal damage accumulation in the hot forging. The consequence of this hypothesis is that, during a long pause, the plasticity has a full recovery independent of the level of used plasticity.
In cold forging there is critical value of metal damage. After this damage level is reached, the metal cannot recover its initial plasticity after heat treatment (Matviychuk and Aliev 2009) . These assumptions can be expressed for hot forging schemes. Suppose that maximum value of plasticity recovery (Δψ) with low used plasticity ψ i on i-th stage of deformation is equal ψ i and with a high value of used plasticity (close to 1) the recovery plasticity approaches 0. In this case the coefficient K of Eq. (1) takes the next form:
Graphically it can be expressed by the next way (Fig. 3) . In this case Eq. (1) can be expressed as: In general, parameters m and n are determined by material properties and deformation temperature. From the previous analysis it can be found that parameter m can be expressed as follows:
where function f(ψ, T), characterizes the material, and can be found experimentally. To determine the function f(ψ, T) it is necessary to conduct a set of experiments. Specimens should be deformed under tensile conditions with certain prescribed temperature and velocity. Experiments should include deformation of the specimen with a value of ψ i in the range of 0.1-0.9. This allows the determination of parameter Δψ and parameter m that simply define f(ψ, T) for Eq. (4). Equation (3) can be transformed to the following expression:
Experimental determination of recovery plasticity value for calculation coefficients of Eq. (5) must be found by the next equation:
where ψ 1 = ε u1 ε p -used plasticity before the pause; ε p = ln l p l 0 -logarithmic strain fracture during monotonic tensile test; ε u1 = ln l l l 1 l 0 · l 0 -logarithmic strain before the pause in the tensile test; ε p2 = ln l p2 0 -logarithmic strain of the fracture in the tensile test after the pause; ψ 2 * = ε p2 −ε u1 ε p -residual plasticity after the pause; l 0 ; l 1 -initial and pre-pause tensile test-derived lengths of the billet respectively, mm; l p ; l p2 -maximum length of the billet in monotonic and multistage tensile test respectively, mm.
If recovery of plasticity does not occur i.e. Δψ = 0 then ψ 1 + ψ 2* = 1 or
In this case, the length of the fracture billet during the tensile test after the pause must be equal to the length of fracture billet during the monotonic tensile test without a pause ε p2 = ε p .
Then Eq. (7) takes the next form: If all previously described equations are substituted in Eq. (6) and some mathematic simplification is done, we obtain:
A practical application of upsetting a cylindrical billet is shown in (Fig. 4) . In the upsetting process point T is the point at which the fracture will most likely occur. Parameter ψ 1 must be determined for this point. This parameter ψ 1 depends on relative height deformation (ratio of the upsetting stroke to the initial billet height ε h = �h/�h 0 ). At this point the values of logarithmic strain ɛ i and used plasticity ψ 1 = ε 1 /ε p can be determined, where ɛ p -logarithmic strain of the fracture.
After the first stage of upsetting and pause the recovery of plasticity can be calculated by the next equation:
Used plasticity after the first pause can be found as a difference between recovery plasticity at the end of pause and used plasticity before the pause:
During the pause after the second stage of upsetting, plasticity will be recovered which was used during the second stage of upsetting ψ 2 and some metal damage also accumulated after the first stage of upsetting. Assuming that used plasticity is additive (allowing the possibility of a simple summation) the value of recovery plasticity and used plasticity after two stages of upsetting can be found as follows:
For the k stages of upsetting and ψ 1 k−1 + ψ k ≤ 1, in another case recovery of plasticity is not calculated. Fig. 4 Scheme of a multistage upsetting process with intermediate pauses Zhbankov et al. SpringerPlus (2016 ) 5:1881 
Phenomenological numerical approach
For determination of the dependence of logarithmic strain ɛ i at point T on the relative height deformation ɛ h a simulation of the upsetting process was made. A finite element method (FEM) (Zhbankov and Perig 2013a, b; Zhbankov et al. 2014 Zhbankov et al. , 2016 Perig et al. 2013a Perig et al. , b, 2015 in Deform 3D software was used in the simulation of the upsetting process. The diameter of the billet is 18 mm, the length is 20 mm, and the material is carbon steel with 0.70% C. The initial temperature of the billet is 1100 °C and the initial temperature of the tools is 20 °C. The velocity of the upper tool motion is constant and equal to 1 mm/s. Tools in the simulation were rigid. The friction factor is 0.7 and the heat transfer coefficient is 5 W/(m 2 K). Materials simulation parameters are described in Table 1 . Results of the simulation are fields of equivalent plastic strain in the longitudinal section of the billet and the graphical dependence of equivalent plastic strain on relative height deformation of the billet (Fig. 5) .
After processing the obtained data, the analytical dependence of equivalent plastic strain on relative height deformation can be calculated, which is expressed for the given temperature and speed conditions in the form: For the calculation of the maximum height deformation of the billet during multistage hot upsetting, the option of forging the billet from steel with 0.70% C in isothermal conditions with temperature 1100 °C, and strain rate 0.00066 s −1 was considered. By the data which was obtained experimentally by a monotonic isothermal tensile test of cylindrical billets with temperature 1100 °C, and strain rate 0.00066 s −1
, the logarithmic strain in the fracture ɛ p was equal to 0.65. We now assume that the stress state at the peripheral surface of the upset workpiece barrel is the same as the stress state in the tensile test. So the workpiece fracture in monotonic upsetting would occur at the instant, when the equivalent plastic strain at point T reaches the critical value of 0.65. This critical value of equivalent plastic strain at point T corresponds to a relative height deformation of the billet ɛ h equal to 0.63, which could be found on the basis of Eq. (9). We now check the possibility of upsetting the billet to a higher relative height deformation through the introduction of multistage "fractional" forging. Now we estimate the multistage "fractional" forging of the billet with the "unit" height deformation in one stage Δɛ h equal to 0.25 and the pause duration between stages 60 s on the basis of Eqs. (5-8).
Coefficient m is equal to 1 − ψ i in Eq. (3) for a given temperature and material i.e. f ψ 1 i−1 + ψ i , T for Eq. (5) is equal to 1 and parameter n has a value of 0.15 which follows from Fig. 2 .
Using the above relations and assumptions it was determined that multistage upsetting with one stage height deformation equal to 0.25 it is possible to increase the maximum height deformation from 0.63 to 0.75 for two stages with pauses for 60 s. Total height deformation in the upsetting can be increased by reducing deformation on one stage Δɛ h . Obtained results are confirmed by experimental data, which are described in Figs. 6, 7. Deviation of experimental data from the theoretical calculations is approximately 10%.
Conclusions
A method for calculation of recovery plasticity in hot multistage forging has been proposed. This method allows the prediction of billet forming limits as a function of deformation during the forging stage and the duration of the pause between the stages.
A calculation of the isothermal multistage upsetting process of a cylindrical billet was made. This calculation shows that in monotonic upsetting the maximum relative height , temperature 1100 °C, pause duration 60 s)
